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Overview 

 
Here I attempt to explain what physically happens when we pulse an object with neutrons, 

specifically what we expect the time dependent behavior of the neutron population to look like. 

Emphasis is on the time dependent emission of both prompt and delayed neutrons. I also describe 

how the TART [1] Monte Carlo transport code models this situation; see the appendix for a 

complete description of the model used by TART. I will also show that, as we expect, MCNP {2] 

and MERCURY [3], produce similar results using the same delayed neutron model (again, see 

the appendix). 

 

The general equation that we wish to solve is, 
, 
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µ1
 + NÐW* + Nt *S  = ñññ WWW>-W ''')',',',(),,',',',( dtdEdtErNtEtErF  + S 

 

),,,( tErN W  - neutron flux 

v            - neutron speed (speed, not velocity) 

),,( tErtS       - total cross section 

F            - transfer from ''.,' tEW  to tE,,W  

),,,( tErS W   - extraneous (flux independent) source 

 
Note, here the ñscatterò or transfer kernel, F, must be an integral over: direction, energy, and 

time, where time must be included if we are interested in delayed neutrons. 

 

There are special, simpler, cases that we often deal with, such as sub-critical systems where the 

source is time independent and we assume the system has been running in a steady state forever. 

In this case the flux will also be time independent, and we need not integrate over time, 
 

NÐW* + Nt *S  = ñññ WWW>-W '')',',(),',',( dEdErNEErF  + S 

 

A further simplification is in criticality calculations , where we modifying the neutron 

production of the system to make the system self-sustaining in the absence of a source. For ease 

of notation I will write this as 1/K multiplying the ñscatterò term, whereas in reality the 1/K only 

multiplies the neutron production, i.e., fission, (n,2n), (n,3n), etc. 
 

NÐW* + Nt *S  = [1/K]ñññ WWW>-W '')',',(),',',( dEdErNEErF  

 

Let me stress here that this criticality, or eigenvalue, approach to calculating systems is 

extremely useful and therefore widely used, but please do not lose sight of the fact that strictly 

speaking this is only a math problem, and it does not represent any real physical system. 

Remember that this equation says: If  ï let me repeat, if - I could change the multiplication of the 

system by 1/K it would be self-sustaining, which is an interesting eigenvalue problem, but 

physically we obviously cannot miraculously change the properties of any material. So thatôs a 

pretty big IF, similar to ñif pigs could flyò, but this approach is so useful that we use it. 

 

A different simplification is to maintain the time dependence, but eliminate the spatial 

dependence to derive the Point Kinetics Equations [7]; see the appendix for details of the point 

kinetics equations. I will not use the point kinetics equations here, and below I explain why, so I 

will not list the equations here (again, see the appendix for details).   

      

Our Model 

 
For our calculations I will use only one system and keep it as geometrically simple as possible. I 

will use a simplified model based on Godiva [6], and slightly decrease its size to insure that it is 

sub-critical, so that we can run time dependent calculations. We will us a simple homogeneous 

sphere of highly enriched uranium, 
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1) Radiuséé  8.641 cm 

2) Densityé..  18.74 grams/cc 

3) Relative atom densities 

U235éé 4.4994d-02 

U234éé 4.9184d-04 

U238éé 2.4984d-03 

That is all we need to uniquely define this simple system. 

 

K-effective 
 

The definition of K-eff seems simple enough; it is the ratio of neutron production to neutron 

losses. 

  

K-eff = Production/[Absorption + Leakage] 

 

In nature there is one and only one definition.  But for our studies, in our codes we can use any 

number of different definitions, depending on how we define Production: is it only due to 

fission or does it also include (n, 2n), (n,3n), etc. [TART includes (n,2n), (n,3n), etc.], and how 

we define Absorption:  TART defines this as any collision/reaction in which the outcome is not 

one neutron; basically anything but neutron scatter (elastic and inelastic). We can also define 

Production and Absorption as analog or expected [TART calculates both].  

 

For fission we can use different definitions of <n>, and the fission neutron spectra. We can use 

the Total <n> and emit all neutrons promptly, in the prompt fission neutron spectra, or we can 

use the Prompt <n> by ignoring all delayed neutrons, or we can use the Prompt + Delayed <n
> with the Prompt emitted promptly, in the prompt fission neutron spectra, and the Delayed 

emitted in the delayed fission neutron spectra, either prompt (for time independent calculations) 

or delayed (for time dependent calculations). Note that for criticality problems since we assume 

the flux is independent of time, the delayed emission is also independent of time, so we need not 

consider its time delay, e.g., we can emit both prompt and delayed neutrons promptly, each with 

its own energy spectrum. 

 

Lastly with Monte Carlo the answer will depend on how many neutrons we sample, and we 

assume that as we use progressively more and more samples our answers improves. For example, 

for a time independent criticality calculation here are the answers TART calculates, using the 

three different definitions of <n>, described above, and progressively more neutron samples 

(Sentl 3 is the number of neutrons per Cycle; here we use 100 times more than the preceding 

case). In this case we assume that our BEST most physically acceptable answer using our BEST 

physics is 0.991332 (see the below table).        
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After 100 Settle Cycles 
Sentl 3 Total Prompt Prompt + Delayed 

100 0.992361 0.979096 0.989871 

10,000 0.991283 0.984978 0.991407 

1,000,000 0.991205 0.984878 0.991332 

After 0 Settle Cycles 

Sentl 3 Total Prompt Prompt + Delayed 

1,000,000 0.991091 0.984720 0.991217 

 

Multiplication (M)  

 
For subcritical systems an interested quantity is the Multiplication ; its definition is based on 

summing the generation by generation results of one typical chain of neutrons. K-eff (for 

simplicity written as K below), is the net change in the neutron population is one generation, and 

the production for one chain based on generation by generation, would be, 

 

M = 1 + K + K
2
 + K

3
 + K

4
 +é.. = 1/[1 ïK] , here for K = 0: M = 1 

 

An alternative definition of multiplication does not include the initial neutron, 

 

M =      K + K
2
 + K

3
 + K

4
 +é.. = K/[1 ïK], here for K = 0, M = 0  

 

I will include the initial neutron in the definition, because this definition tells us how many 

neutrons TART has to process for each initial neutron. Readers who are not used to thinking in 

terms of multiplication are often initially surprised when they find that relatively small 

differences in K-eff can result in large changes in the multiplication, particularly where K-eff is 

close to unity, i.e., when the system is close to critical. 

 

K = 0.9, M = 10; K=0.99, M=100, K=0.999, M=1000; K=1,M = Infinity 

 

Here are the multiplications based on the above results for K-eff, this definition of the 

multiplication gives us. 

      

Sentl 3 Total Prompt Prompt + Delayed 

100 130.907187 47.837734 98.726429 

10,000 114.718366 66.569032 116.373793 

1,000,000 113.700966 66.128819 115.366867 

 

Think about what the above table tell us, 

 

1) For every neutron sampled we have to track over 115 neutrons for an average fission 

chain. 

2) If we ignore the delayed neutrons this drops of about 66. This may really surprise you 

that for the small delayed fraction, so many of the neutrons are delayed; almost half.  
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The above description is for an idealized case of a sub-critical system in its fundamental 

mode for an extended period of time; so long, that we can solve the problem as a criticality 

problem (time independent, no source and all terms in the equation are uniform in the flux). In 

this case K is the same for every generation, and we can use the above equation to define 

multiplication, 

 

 M = 1 + K + K
2
 + K

3
 + K

4
 +é.. = 1/[1 ïK] , here for K = 0: M = 1 

 

For a pulsed system this is not the case. As we will see below, in this case for the early 

generations K will differ from one generation to the next: K1, K2, K3ééKN. We assume that 

eventually the system will relax into its fundamental mode, and each generation after that point 

will have the same K, say KN. In this case the multiplication will be, 

 

M = 1 + K1 + K1*K 2 + K1*K 2*K 3 +éé.K1*K 2*K 3*éKN/[1-KN] 

 

This can be very different from simple definition based strictly on the fundamental mode, where 

M = 1/[1 ï K]. The model of Godiva we are using here is sub-critical in its fundamental mode,  

i.e. K < 1. But we will see below that depending on how we define our neutron pulse, K for the 

initial generations can be very different from the K eventually reached for later generations in the 

fundamental mode ï make that VERY DIFFERENT. Below we will see that if we place our 

initial source at the origin of the sphere, for short time periods (early generations), K can be 

much greater than unity, meaning the system at this time is super critical, causing the neutron 

population (proportional to flux) to increase ï potentially dangerously if care is not used to limit 

the maximum flux in the system.     
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What Do We Expected the Answer to be 
 

I will use a time dependent neutron source only a time = 0, uniformly distributed throughout the 

entire sphere, and follow the time dependent behavior of the neutron population. Let me first 

address what we expect the Time Dependent solution to look like and what we calculate, 

particularly what I have seen code users actually calculate, and unfortunately misinterpret the 

results based solely on what I will refer to as an ñoptical illusionò. Below are pictures of what 

we THEORETICALLY  expect our calculated answers should look like. 

 

 
This is certainly nothing new; you can find similar results in Bell and Glasstone, (1970) [8], or 

ñA Procedure for Evaluating Modified Pulsed-Neutron Source Experiments in Subcritical 

Nuclear Reactorsò, by Masters and Cady, NSE, 29, 272-282 (1967) [8]. So these results were 

known and reported at least 50 years ago. Here I merely want to demonstrate that when properly 

used and the results are properly interpreted, todayôs Monte Carlo codes will correctly reproduce 

what we expect them to. I will also address some pitfalls to avoid when using our codes. Below 

is what Bell and Glasstone [8] predicted and described in detail in 1970; this book is now in the 

public domain and freely available on-line. 
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We expect the solution to be a relatively simple shape, or shapes, composed of two very different 

time scales. First at very short times we expect an exponential decrease on the scale of 

microseconds, describing the emission of the initial prompt neutrons. Next we expect another 

exponential decrease at much long times on the scale of seconds, describing the emission of 

delayed neutrons (see the appendix for the TART model of delayed neutrons as a sum of 6 

terms). Remember that the long time response will be due to delayed neutrons from the initial 

source at t=0, but do not forget the multiplication of the delayed neutrons once they are emitted. 

Remember that the delayed neutrons are emitted into our system and they will multiply basically 

in the same manner as our prompt neutrons. Each delayed neutron looks just like any other 

source neutron, and the above table tells us that each delayed neutron emitted will produce over 

115 neutrons (the multiplication of the system). 

 

Convergence vs. Sample Size 
 

Below I show the results I calculate using progressively more neutron samples with each sample 

being 100 times larger than the proceeding sample, with 100 thousand (10
5
), 10 million (10

7
), 1 

billion (10
9
) and 100 billion (10

11
) samples. For each case I have scaled the below figure to the 

number of neutron samples, to separate the curves basically by a factor of 100. Remember that 

based on the above table of multiplications I expect on average to have to track 115 neutrons for 

each source neutron. So that for a neutron source of 100 billion (10
11

) samples this required 

TART to track over 11 trillion (10
13

) neutrons. 
 

An important point to understand is that the below results are based on tallying results on very 

short time intervals, basically microsecond or narrower time bins; this is basically what leads to 

an ñoptical illusionò.  

 

What the below results show is that even a small number neutron samples can fairly accurately 

describe the first exponential at microsecond times due to the prompt emission. But we do not 

clearly see another exponential time variation due to the delayed emission until we use 100 

billion (10
11

) samples. Do we really need this many samples? The answer is no we do not; this 

is what I call an ñoptical illusionò, which is strictly due to how I, and others, have presented 

the below results.           
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The first ñoptical illusionò in the above figure is due to the logX-logY scaling of the plot. If we 

use linX-logY scaling then we can see the short term exponential due to the prompt emission, as 

shown in the below figure. An exponential Y = Exp[-a*X] is a straight line on a semi-log plot, 

which is what we see on the below figure. For very short times (1 microsecond) all four curves 

show roughly the same exponential variation. For longer times (1 to 5 microseconds) the curves 

using a smaller number of samples show statistical variations, By 5 microseconds the prompt 

emission is virtually over, having decreased by almost a factor of 1 million (1011 decreases to 

10
5
). Everything beyond this point in time is due to the longer time period release of delayed 

neutrons.  

  
 

Let me describe the other ñoptical illusionò without the complexity of any Monte Carlo code. We 

expect the longer time emission of neutrons to be a sum of exponentials with time constants on 

the order of seconds (not the microseconds we see for the prompt emission). So basically for the 

delayed neutron emission we sample an exponential distribution with a time constant T, on the 

order of seconds. 

 

p(t) = Exp[-t/T] d[t/T] and integral we sample is P(t1) = 1 ï Exp(t1/T) 
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for small t1/T we can expand to exponential to find, 

 

P(t1) = 1   - {1 ï (t1/T) + (t1/T)2/2 é.     ~ (t1/T) 

 

The ñoptical Illusionò results when we sample this distribution from very small times, t1 << T, 

and present the results in the above logX-LogY figure. For example, for t1 = 1 microsecond and 

T = 10 seconds, t1/T is only 10
-7

, so on average we would need 10
7
 samples to get even one 

result in this time range. Therefore for 10
5
 neutron samples we expect zero samples, 10

7
 we 

expect about one completely random result, 10
9
 we expect about 100 samples [assuming /sqrt(N) 

convergence, about 10% uncertainty], 10
11

 we expect about 10,000 samples [about 1% 

uncertainty]. So the above figure shows exactly what we expect to see. Does this mean we 

need this many samples? No!!! It means we should not present the data in the form shown 

in the above figure, as I will explain below. 
 

It is worth noting that the above remarks apply not only to TART [1}, but also to MCNP [2] and 

MDERCURY [3]. As one of the authors of MCNP, Gregg McKinney stated ñI never 

considered there to be any optical illusions related to this, as the ógapsô were always 

understood to be a statistical artifact and the long decay slopes known to be defined by the 

combination of dominate delayed-neutron (DN) emittersò [4]. So experts, such a Gregg, 

understand that the source of this apparent ñgapò problem is merely due to poor statistics. 

Unfortunately many code users do not have the experience to understand this, which is one 

reason I am writing this paper.   

 

Below are MCNP [2] results supplied by Joe Durkee (LANL) [5] showing exactly the same 

phenomenon as we saw above using TART, i.e., the results are, as we expect, not specific to any 

one neutron transport code. I must stress that this apparent gap is not due to any error in our 

neutron transport codes. It is, sorry to say, strictly due to users not fully understanding how to 

use the codes, which is what we would expect in any field where there is no substitute for the 

three most important points: EXPERIENCE, EXPERIENCE, EXPERINCE!!! I will not even try 

to define here what ñPoorò and ñGoodò statistics mean, because these are so user and application 

dependent. I will only stress that you should use as much of the now available inexpensive 

(CHEAP!!!) computer power as you can = you have little to lose in running your PC 24/7.   
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Below are the MERCURY [3] results supplied by Scott McKinley (LLNL)  showing the same 

phenomena we saw using TART [1] and MCNP [2]. In this case by normalizing the results per 

Source Neutron we can see the convergence as we increase the number of Source Neutrons. We 

can also see that if you are only interested in the Prompt response at very short times and/or the 

Delayed response at very long times, this can be accomplished by sampling a relatively small 

number of Source Neutrons; the ñgapò or convergence problem only appears in a rather small 

time range near a few microseconds. 

 
 

It is fairly easy to avoid this ñoptical illusionò. The prompt emission should be binned and 

presented using a near microsecond time scale, but the delayed emission should be binned and 

presented using near second time scale. This avoids the ñoptical illusionò which results when 

trying to present both on one time scale, when the two time scales differ by a factor of a million 

or more. 

 

When this is done instead of having to use the brute force approach that I have shown above, 

using up to 100 billion (10
11

) samples, we can get accurate answers using about 1 million (10
6
) 

neutron samples. Thatôs right: 100,000 times fewer samples, i.e., minutes on a single PC, 

instead of days and days on as many processors as I could access to run 100 billion (10
11

) 

samples.  

 

Below are example results using only 1 million samples, with appropriate bins of microseconds 

for short times (to accurately represent the prompt emission) and seconds for longer times (to 
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accurately represent the delayed emission). Compare this to the above results obtained using 

microsecond tally bins over the entire time range. 

 

I should mention, today the cost of computer time is so much less than your salary that I suggest 

the most efficient use of your time is to use as much computer time as possible. It makes no 

sense at all to spend days or weeks preparing to perform a calculation, and to then try to finish 

the calculation in minutes. It costs me nothing to leave my PC at home all night, and run for 

many hours, to try and obtain the statistically most accurate answers that I can.  

 

Hopefully this will  serve as an example to code users, that when faced with very low 

probability tallies in (space, energy, time, or whatever), you have several options that you 

can use to statistically improve your results. You can: 1) Use the brutal force approach as I 

first did above to run more samples, or 2) You can increase the size of your tally bins to 

increase the probability of tallies; thatôs what I did next, by increasing the size of tally bins 

from microseconds to seconds, thereby increasing the tally probability by a factor of a 

million.    
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Three Different Results 
 

Below are the time dependent results using three different models for <n>, 
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What Can We Calculate vs. What Can We Measure 

 
The above figure shows the neutron population vs. time; this is strictly a census of the number 

of neutrons that reach a given time defined by TART centim input option (this is NOT the 

neutron flux). This is convenient for me to use here to illustrate both convergence vs. Sample 

Size and the TART centim option to calculate neutron population. However, this is not 

something that we can actually experimentally measure, i.e., how could I possibly measure 

the total population of neutrons inside the sphere versus time.  

 

For the below results I will use the TART ltype 12 input option to calculate the time dependent 

leakage from the sphere; this is something that we at least in principle can measure. However, in 

order to properly interpret our Leakage results we must know how many neutrons leak per 

source neutron. Remembering the definition of K-eff, 

 

K-eff = Production/[Absorption + Leakage] 

 

TART uses the definition of 1/K-eff in order to define in its output the number of neutrons that 

are Absorbed and Leak per neutron produced, 

 

1/K-eff = Absorption/Production + Leakage/Production 

 

From our static criticality calculation of this system the TART output file tells me that about 

57.7%  of the neutron source and those produced (the multiplication of the system) leak from the 

system; the remaining 43.1% are absorbed inside the sphere. Note: that these do not sum to 1 

because the system is sub-critical, i.e., the losses exceed the production. 

 

After 100 Settle Cycles 

 Total Prompt Prompt + Delayed 

Absorption 0.431 0.434 0.431 

Leakage 0.577 0.581 0.577 

After 0 Settle Cycles 

 Total Prompt Prompt + Delayed 

Absorption 0.431 0.434 0.431 

Leakage 0.578 0.581 0.577 

 

The below results show the time dependent neutron leakage from the system, as well as the 

integral number of neutrons per source neutron, integrated from 0 to 10 microseconds, to show 

the prompt yield, and from 10 microseconds to essentially infinity, to show the delayed yield.    
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Point kinetics do not Apply Here 

 
Let me first say a few good words about Point Kinetics. In general Point Kinetics can be a very 

valuable tool; it has been all the way back to the earliest days of reactor calculaions, well before 

high speed computers were generally available. Even today it can be a simple, but powerful tool 

to use in some applications. Depending on what we want to calculate it could even be used here 

to fairly accurately calculate what happens in a pusled sphere. However, below we will 

investigate what happens when we change the spatial distribution of the initial neutron source at 

t = 0. Obvioiusly in this case because we will investigate the effects of spatial dependence, 

Point Kinetics cannot be used, since by definition ñPointò means ignore spatial dependence. But 

please do not make the mistake of assuming that just because we cannot use it here implies that 

Point Kinetics cannot be used in other applications.      

 

You might think that this system is so small (8.641 cm radius) we can ignore the spatial 

variation and use Point Kinetics; generally Point Kinetics apply best to large, essentially infinite 

systems where we can ignore spatial dependence. Unfortunately, such is not the case here; 

spatial variation plays an important role here. We can clearly see this by considering three 

different initial spatial source distributions. In all three cases we will use an isotropic, neutron 

fission emission spectrum, and the only difference will be the spatial distribution, 

 

Center     = a ñpointò source at the origin of the sphere 

Uniform   = a uniformly distributed source throughout the sphere 

Edge       = a ñpointò source at the surface of the sphere 

 

Here we can cover several items all at the same time. The first item is 

 

1) In a time independent criticality calculation  we assume that our final answer is 

independent of our initial ñguessò for the flux distribution. Here we assume that by iterating, 

starting from any reasonable ñguessò for the flux, successive generations of neutrons will 

eventually relax into the fundamental mode of the system. 

 

We use what we call Settle Cycles to ignore the starting generations (which will not be in 

the fundamental mode), and then sum over all subsequent generations (which we assume are 

all in the fundamental mode). The first point to cover is: What does it mean to be in the 

fundamental mode? Below we will see that what we are assuming is that each generation of 

neutrons has the same SHAPE, but not necessarily the same MAGNITUDE.  

 

2) For our time dependent sub-critical calculation  the short time flux will be strongly 

dependent on the initial spatial distribution of our neutron source. This strong initial time 

dependence will have a major impact on the longer term MAGNITUDE  of our flux, but not 

on the SHAPE of the flux, which will be dependent solely on the fundamental mode of the 

system, and not the initial flux guess.  

 

I have been asked numerous times: For criticality problems what does it mean that we expect the 

system to relax into its fundamental mode; when do all of the results using various initial guesses 

for the flux all converge to one final solution. The simplest answer is: NEVER!!! Think about 
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it ï any system can be critical at ANY POWER LEVEL. So we should not expect all initial 

guesses to produce the same MAGNITUDE. Our fundamental mode describes only the SHAPE, 

not the MAGNITUDE of the final distribution. As we will see below, the MAGNITUDE will 

very definitely depend of the initial guess, but THIS DOES NOT EFFECT the results of our 

criticality calculations, since our criticality equation is uniform in the flux, we can only use it to 

define the SHAPE of the flux, not its MAGNITUDE.       

 

The following two figures illustrate the very short time (0.01 microseconds) response for two 

very different quantities: First I show the time dependent LEAKAGE  for the three different 

source distributions described above (Center, Uniform and Edge). Next I show the time 

dependence of the Neutron Population (census). You might think that this is redundant in the 

sense of I will ñseeò and ñlearnò exactly the same information by examining either of these, but 

this is not the case here. 

 

From the below plot of the LEAKAGE  we see very different results for the three different 

spatial sources. For the source at CENTER it takes almost 0.002 microseconds for a neutron to 

transport from the origin to the surface, so there is no leakage for shorter times. For the 

UNIFORM source we see an exponential decrease with time almost from 0 time. For the EDGE 

source, because the source is isotropic 1/2 the neutrons leak immediately (the 1/2 emitted 

oriented away from the sphere). 

  

 
For the LEAKAGE , as shown in this figure, we can ñseeò time dependent leakage; this is 

something we can actually measure. For the neutron population, shown in the below figure, we 

can see these very different time dependent leakages (as well as production and absorption, as we 

will see below) indicates a potentially dangerous situation, where for very short times with a 

source at the center the system is actually super-critical, resulting an increasing neutron 

population. Unfotunately the neutron population is NOT something we can measure. So only 

measuring LEAKAGE will not WARN up of this potentially dangerous situation.   
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The above figure shows that for short times all 3 sources quickly follow the same exponential 

time dependence, and the below figure shows similar results for long times. In both cases we see 

different magnitudes, in the approimate ratios: Center 100%, Uniform 50%, and Edge 20%. So 

that in this case depending on which source we start from the MAGNTUDE of our results can 

differ by up to a factor of 5 ï not 5% - a factor of 5; 500%. What these results show is that 

regardless of which initial source we use ALL CONVERGE TO THE SAME SHAPE  (the 

fundamental mode), but not the same MAGNITUDE. Needless to say the better our initial flux 

guess (closer to the fundanental mode), the faster our convergence will be.   

 


